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ABSTRACT

In this paper, the convergence of s-iteration seceiefor general quasi contraction multi valued niagp is
studied, where its rate of convergence is compeaddPicard-Mann iteration sequence and show thtgration is faster

than Picard-Mann iteration. Finally, a numericaheple is given.
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1. INTRODUCTION
Let X be a Banach space the classical Banach’s comnaste [22] shows that the Picard iteragjon
B, :x,.1=Fx,n = 0, wherex, € X
Converges to unique fixed point z of contractiomppiagr: X — X, i.e3 a € (1,0) such that
I Fx-Fyll< a |l x =y I, for all X, y inX (1.2)
With priori error estimates
I 2z 1< - 1l o — 2, =0, 1, 2
and posteriori error estimates
I Xz 1< 7= 1l X0y = %, IN=0, 1, 2

its rate of convergence is obtained by

lx,—zl=alxy,—zl=a™ l xg—2z .

For various generalizations of Branch’s contractioappings (1.1), much attention has been giveretongany
convergence results #y iteration such as, for Kannan’s mappings[3], Gh@t’s mappings [4]Jand Zamfirescu mappings
(or Z-operator) [5]which is a generalization of tmelependence mappings Banach’s, Kannan's and &Cjeats [12]
contractive mappings (on compact normal space)nitdti-valued contraction the argument of the probftheorem 5, 2]

included a proof of the convergenceRfiteration
Xg €EX,xp41 € Fx, n=1,2 (1.2)
to some fixed point of, whereFx is honempty closed and bounded subset of X.

Ciric [1] proved thak, iteration converges to the unique fixed point ofgaasi- contraction multi-valued

mappings. and gave a formula to posteriori errdimagion. Moreover, Dung, el. at [20] gave a moeneyal theorem
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10 Salwa Salman Abed & Rana Fadhil Abbas

which covered all previous cases in [theorem 3whgre the convergence €f,, )in (1.2) and posteriori error estimates

for quasi-contraction multi-valued mappings aredssed.

On the other hand, other types of iteration areeam which are convergence to a fixed point ofsgua
contraction mappings, like Mann iteration [13], ikdwa iteration[14], s-iteration [15], two-step Mariteration [16],
Picard-Mann iteration [17], Picard-S iteration [18pr the contraction mappings and their generédina, many results
are appeared which are included the convergenwaradus types of iteration processes such as 8[],[9],[19]. and the
equivalence between some of these types of itemtisuch as, in [11] Mann and Ishikawa iteratiom equivalent when
dealing with z-operators. Babu and Prasad [6] skotivat Mann iteration converges faster than Ishik@eration for the
class of z-operators. Also, in view of [7], the &1t iteration converges faster than Ishikawa itenafor these same class
of mappings. In [15] that s-iteration convergesdathan Mann iteration and Ishikawa iterationZesperators. Also, there

are some results showing that Picard iteratiorefastan Mann and Ishikawa iteration for quasi cactton mapping see
(6], [1]

Here, the convergence of s - iteration sequendiged point is proved for general quasi contractialti-valued
mappings (shortly, g. g. m. c-mappings). And theiemjence of convergence between s-iterationPardann iteration,

the s-iteration converges faster tBarMann iteration is studied.
2. PRELIMINARIES

Let X be a Banach space aRdX — 2% be a multivalued mapping, € X anda,), {8,)be a sequences of real

numbers in (0,1). In the following, we state soppes of iteration processes Bt x,:

* The Mann iteration of M,, is defined by the sequen¢e, ):

Xo EX

forn>0 2.1

{xn+1 = (1 - an)xn + Anln ( )
Whereu,, € Fx,,¢, € Fx,

e The Picard Mann iteration @B, M,, is defined by the sequenag):

Xn+1 = En
forn=0 2.2
{Yn =1- an)xn + Aplin (2.2)

Whereu,, € Fx, ,é, € Fx,
* The 2- step Mann iteration 82M,, is defined by
The sequenge,,):

Xy €EX
Xp=1 = (1 - an)yn + ay fn forn=0 (23)
Yn = 1- ﬁn)xn + Bntin

Whereu,, € Fx,,é, € Fx,
* The Ishikawa iteration df,, is defined by

The sequenge,,):
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S-Iteration for General Quasi Multi Valued Contraction Mappings 11

Xg EX
Xp=1 = (1 —ap)x, + @, &, forn>0 (2.4)
Yn = (1 - :Bn)xn + ﬁn#n

Whereu,, € Fx,,¢, € Fx,
The s- iteration of'S,, is defined by
The sequenge,,):

Xy €EX
Xpn=1 = (1 - an).un + a,é, forn>0 (25)
Yn = (1 - .Bn)xn + :Bn,un

whereu,, € Fx,,, ¢, € Fx,

Definition (2.1): [8]: Let(a,) and(b,) be two sequences of real numbers that convergeatw b respectively,

and assume there exists

lan—al
|bp-b| "’

[ =lim,,_, then ifl =0, then we say th@t,) converges faster tthan(b,) tob.

Definition (2.2): for any two nonempty subséfsandN of X the Hausdorff distance is
D(M,N) = max {supyey d(x, N), supyey d(y, M)}

Whered(x,N) = inf {d(x,y):y € N}

Definition (2.3): [1]: letx, € X, an orbit ofFatx, is a sequencx,,: x,, € Fx,,_;,n € N}

A spaceX is called to bé -orbitally complete if every Cauchy sequence

Which is a sub sequence of an orbiFddt x for some € X, converge irX

Definition (2.4): [20]: Let F: X — X be a mapping on metric spacelhe mapping is said to be a (g. q. m. c-

mappings)iff there exists
q € [0,1) Such that for alk,y € X,

D(Fx,Fy) < gqmax{d(x,y),d(x, Fx),d(y, Fy),d(x, Fy),d(y, Fx) (2.6)
d(F?x,x),d(F?x,Fx),d(F?x,y), d(F*x, Fy)}

Theorem (2.5):[Theorem (3.4), 20]: letX, d) be ametric space and
F:X— CB(X) be ag. g. m. c-mapping If X & orbitally complete. Then
e F has a unique fixed poiatin X andFz = {z}

» for eachx, € X there exists an orbit,,) of F atx, such thatim,,_,., x, = z for allx € X and

d(x,, z) < (1'1_1(:_)‘1 d(xy,x,) For allh € N, wherea < 1 is any fixed positive number

As special cases of contraction condition (2.6) fmex, y in X,
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12

Banach™ s multivalued contraction condition is
D(Fx,Fy) < ad(x,y) Where0 <a <1

Kannan' s multivalued contraction condition is
D(Fx,Fy) < b[d(x,Fx) + d(y,Fy)] Where0 < b < 0.5
Chatterjea’ s multivalued contraction condition is
D(Fx,Fy) < cld(x,Fy) + d(y, Fx)] Where0 < ¢ < 0.5
z-multivalued contraction condition (z-operator)

(z1) D(Fx,Fy) < ad(x,y)

(z2) D(Fx,Fy) < b[d(x,Fx) + d(y, Fy)]
(z3)D(Fx,Fy) < cld(x,Fy) + d(y, Fx)]

where0 <a<1,0<bh <050=<c<05

multivalued quasi - contraction (Ciric contractias)

D(Fx,Fy) < gqmax{d(x,y),d(x,Fx),d(y, Fy),d(x, Fy),d(y, Fx)

Salwa Salman Abed & Rana Fadhil Abbas

2.7)

(2.8)

(2.9)

10)

(2.11)

It is Know that the contractions (2.7), (2.8) a2d9) are independent [21] and the (2.10) is a gdization of
them [8]. Dung and el at gave the following exaemg show that the contraction a g. g. m. c-mappis@ generalization
of (2.11)

Example (2.3)

LetX ={1,2,3,4,5} withd defined as:

Oif x=y

d(x,y) =1 2if (x,y) €{(1,4),(1,5),(4,1),(51)}

1 otherwise

LetF: X — X be defined by

F1=F2=F3=1F4=2F5=3

F is not quasi-contraction far =4 andy=5 because there is no a nonnegative numberl satisfying the

equation (2.6). Howeveh,is generalized quasi-contraction since the (206J for someg € [0.5,1), for allx,y € X.

3. MAIN RESULTS

we start with following theorem:

Theorem (3.1):let ® # M be a convex subset of a Banach spiand: M — CB(M) is g.q.m.c-mappings. let

Xo € M and(x,,) beS, iteration with};>—, a,, = oo0,lim,,_,., B, = 0 . then(x,)converges strongly to a fixed point®f

To prove we need the following lemma:

Impact Factor (JCC): 2.6305
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S-Iteration for General Quasi Multi Valued Contraction Mappings 13

Lemma (3.2):letX, M, Fand(x,,) as in theorem (3.1) then the sequences
() O ) () (&) are bounded wheve,, v, i, &,is defined in (2.5)
Proof: for each & 0, define

Ap = {{x) U (yi) U () U (), wherd) < i < n}

andc, = diam(4,)

d, =max {suposi<nllXo — Hill , SuPosi<nllxo — &ill}

Firstly, we show that,=d,,. Assume that,, > 0 there are six cases

Case.la, = ||x; — xj|| forsomed < i <j<n.

from (2.5)a, = ||x; — xj”

= (1 —ao) [l —m-al + o[l — &4

< (1= @) llx — ]l + @yosc

Cn(l - “}—1) = (1 - %‘—1)”%1 _1”}'—1”

Which impliesc, = ||x; — u;_1|| and by inductiong, = ||x; — x;|| = 0, contraction withc,, > 0 so must be 0.

Case.Z, = ||x; — uj_4||, for somed < i < j < n .then from (2.5) and condition (2.6)
e = || _ﬂj—1|| < (1 —ay)||lpimy — #j” + &y — #j”

=Q1- “1‘—1)“#1‘—1 _#jH +a;—y D(Fyi—1, Fx;)

< (1= aj—y)||pior — || + @ic1qen g < 1
cn < [|uima — | thency, = [lui—y — |

and by inductiorjx, — 1| = ¢,

Case.83, = |lx; —y;ll forsomed <i<j<n

cn = Il — vill < Bl — w5 || + (1= Bl — |

This implies that:
cn = |l — sl oren = [l —

by case. 2
cn = [0 — |
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14 Salwa Salman Abed & Rana Fadhil Abbas

Case.&, = ||x; — &;|| by similar way to case.2

Case.5, = ||y; — |

Case.b, = |ly; — &|

The remaining case of, are:

cn = [|m = mjllor e = [l = &

Are impossible and for any set A, denote

§(A)=dim (A).

We show thatl,, = max {8, €,} wheres,, = §(0(xy, 1)) ande, 6 (0(yy, 1))
Suppose that

d, = 6, = ||xo — ;|| for somed < i < nthend < o

If i > 0 then from (2.6)
On = llxg — gl = llxg — pq |l + ety — sl

= ||x‘3 _Jﬂ.1|| +D(in], Fxl')

< llxg — 1l + g6,

&y 51 g — g4 |l

Similarly, we can show that, < ﬁ [lxo — u41] which is complete the proof.
Proof of Theorem (3.1)

For eacm = 0 difine

Ap = {(x;) U (yi) U ;) U (&), Whered < i < n}

By using the same argument of proof lemma (3.2)careshow that

1, 1= diam(4,,) = max {Supj-zn||xn — i

;mpj:anxn - gj ||}
By using (2.5)

llxn — zll = (1 — @n-Dlln-1 — zll + @n_1l1§n—1 — zll

<1 —ap-1)tn + ag 1H(Fy,_41,Fz)

Impact Factor (JCC): 2.6305 NAAS Ratirgy19



S-Iteration for General Quasi Multi Valued Contraction Mappings 15

= (1 - a‘n—l)Tn—l + qn—1Tn-—1
for each n, assume thgt> 0 , then it follows that:
n = (1 - a'n—l)Tn—l + q Up—1Tn-1

Th-1— T = (1 - q)an—l Th-1 (31)
This implies(r;,) is none increasing in,
Therefore, there existsuch that = lim,,_,, 7;,.

Suppose that > 0. from (3.1)
(1 - G‘)“n—ﬂ’ = (1 - Q)an—lrn—l S

or

(1= q@)r k=0 @k < Zi=0(Tk — Tk41) =To — Tns (3.2)
whenn — oo, the right hand side of (3.2) is bounded but tiipothesis ofw,), makes the left hand side is un

bounded which is contradiction. so=10. Hencex,, » zasn — o
Which is complete this proof.

As application of theorem (3.1) we can prove a dixpoint result for Contraction of integral type of

summablg: [0, +0) — [0, +0) (i.e. with finite
Integral on each compact subsef®f+oo):
Theorem (3.3):let M be a nonempty closed convex subset of Banach spau®d F: M — M be an operater

satisfying the following condition:

. max {[lx—yll. I~ Fl.ly —FyIl. I ~FyllIly—Fll.
oy P2 x| || F 2= Fx]||F 22—y LI F 2205, [}
j pu)de = q J PR u(nde
Q o

for all x,y eX and0 < g < 1, wherepu: [0, +) — [0, +) is a Lebesgue-integrablesummable mapping and for
eache > fogu(t)dt > 0. Let (x,,)be defined by the iteration (2.5) WEEF a,,f,, = o, therx, )converges strongly to the

unique fixed point of.

Proof: by takingu(t) = 1the proof of theorem (3.3) is follows from theorésnl)over[0, +oo)because the result
of the integral summable mappings satisfying caonit(2.6) and it is just transforms in to a g.g4mappings not

involving integral. This completes the proof.

Lemma (3.9 [10]: let (b,) be a non negative sequence whgyec (0,1) for all n = ny, 0, = 0o(1,) and

Y1 A, = . This is satisfying the following inequality:

b,+1 < (1 —A,)b, + g, thenlim,,_,,, b,, = 0.
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16 Salwa Salman Abed & Rana Fadhil Abbas

Theorem (3.5):letF: M —» CB(M)be multi valued mappings satisfying condition (216 «,, > 0 for alln > 0 and
D=0y = ®

Then fou, = x, € M, the following are equivalent:

» TheP,M, (2.2) converges to;

e The s-iteration (2.5) convergesto

Proof: By theorem (3.1} has a fixed point, say, and the sequendg,,), (y,.), (1), (&) are bounded. Similarly,

the sequencéu,), (0,) also are bounded. In order to prove the equivaldmtween (2.2) and (2.5), we need to prove that
limy Lo |lX, — unll =0 3.2)

set, mn = max {Supjzn(”xn - ”n”) U Supjzn(”xn - Gn”) U Supjzn(”xn - En”) u supjzn(”un - ”n”) U

supjzn(”un - Gn”) u Supjzn(”un - fn”)}
Then the following are true:

e by using (2.5)

len — [l = @ = an-lltn-1 = 1y | + @n-a [0z — 1|

< (1 — ay—1)D(Fxp_y, Fx;) + a1 D(Fyn_y, Fx;)

< (1 —ap_1)qTn—1 + @p_1qTn—1
T < qTrn_q (3.3)
len = 61l = (1 = w1 = 6| + @n-1[ln-1 — 6

=(1- an—l)D(Fxn—lr FU}') + ay-1D(Fyn—1, Fvy)

= (1- an—l)qrn—l + ay - 1GTn—1

T < qTyp-1 (3.4)

Pen =511 = @ = an-0llin-1 = & [ + @n-a[ -1 = &l
= (1 - a‘n—l)D(Fxn—lr F}ﬁ') + an—lD(Fyn—ly ij)

= (1 - an—l)qrn—l + n-19Th—1

T < qTh-1 (35)
”un —,uJ-H = H&n—l —Hy H
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< D(Fvn—1, Fx;)

T < qrn_1 (3.6)
n = 611 = 1162 — 6]
< D(Fvp-4, Fvy)

T < qTyp-1 3.7)
[t = &1l = 116-1 = &l
< D(Fvp-1,Fy;

T < QT (3.8)

It is clear that all (3.3), (3.4), (3.5), (3.6),.13 (3.8) and using theorem (3.1) that the sequéng is non

increasing imand positive. There existsuch that

limn =rr=20

T—0o0

Therefore

lim ||x,, — p,ll = 0, lim||x,, — 6, ]| = 0,

n—ow T—+C0

1irnn—wo”xn - E‘n” = 0’ limn—»oc”un - .u-n” = 0: (Bg
lim ||lu,, — 6,]l = 0, lim ||lu,, — &l = 0.

Tn—co Tn—0oo

Suppose now that the s- iteration converges, therhas

”x'n+1 _un+1” = (1 - an)”ju'n _B'n” + C'Y'n,HEJ‘r. _B'nH
= (1 - an)(”:u'n _an + ”xn _un“ + ||un _'971,”)

+a‘n(|lfn - xn” + ”xn - &n”)

”xn+1 - un+1” < (1 - an)”xn - un” + an(”fn - xn” + ”xn - gn”) (310)

Using (3.9) and (3.10) and lemma (3.4), with
H'n — ||xn - un”;
Op = an(”fn - x'n” + ||x'n - &n”);
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18 Salwa Salman Abed & Rana Fadhil Abbas

on=0(ay),

We havdim,_, 4, = 0, that is, (3.2) holds. The relation
lun — zll < llxp — upll + llxp — 2l = 0

Then theP, M, iteration converges too. Suppose now thatfdé, iteration converges, then one has
ltnsr — Xpiall = @ — @) 160, — pnll + @nllfy — &l

=(1- a‘n)(”&n _u'nH + ”u'n - x'n” + ”x'n _JUﬂ”)

+a‘n(|lﬁn _un” + ||un - 'fn”)
”un+1 - xn+1” < (1 - an)”un - xn” + an(llgn - un” + ”un - En”) (311)

Using (3.9) and (3.11) and lemma (3.4), with:= ||u,, — x|

Op = “‘n(”&n _unH + ”un - fn”)

on = o(ay),
We havéim,,_,,, 4, = 0, that is, (3.2) holds. The relation
llx, — z|| < |lu, — x|l + llu, — z|| = 0. Then the s-iteration converges too.
Which is complete the proof.
As an application of theorem (3.5)

Example (3.6)

;9. Then f is an increasing function. By takifig = o, = ! 1, with

(1+n)2

%3
1

Let f: [0: 8) — [0: 8) defined byf(x) =

fixed point=1and initial pointsu, = x, = 0.6. In this example we using Mat lap to see thaemation equivalent with

Picard-Mann iteration listed in Table 1.

Impact Factor (JCC): 2.6305

Table 1

n S- iteration Picard-Mann

1 0.978275778969600 0.978275778969600
2 0.995851011484343 0.996773763535413
3 0.999049483160993 0.999424935574572
4 0.999764960104952 0.999887919215415
5 0.999939373359160 0.999976904099156
6 0.999983934877438 0.999995051392005
7 0.999995662484216 0.999998908205991
8 0.999998812610045 0.999999753523607
9 0.999999671489158 0.999999943310442
10 0.999999908345504 0.999999986757764
22 0.999999999999972 0.999999999999999
23 0.999999999999992 1
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Table 1 — Cond.,
24 0.999999999999998 1
25 0.999999999999999 1
26 1 1

Remark (3.7):Let F: M - CB(M) be satisfying condition (2.6) then, it is not @iffit to show that:
D(Fx,Fy) < 6{llx — y|l + d(x, Fx) + d(x, F?x} (3.12)
andD (Fx,Fy) < §{||lx — y|| + d(y, Fx) + d(y, F*x} (3.13)

forall x,y in M andé = max {q,ﬁ}.

Theorem (3.8):letF: M — CB(M) be multi valued mappings satisfying condition J2&t (x,, ), {(u,)be the s-
iteration and Picard-Mann iteration respectivelfiredl by (2.5) and (2.2) fox,, u, € M with (a,,)and{g,,) real sequences
such tha0 < a,, B, < 1 and}Y -, @, = . Then(x, )and(u,) converge to the unique fixed point®fand moreover, the

s-iteration converges faster, than the Picard-Mtaration, to the fixed point of.
Proof: by using Remark (3.6) and definition ofexdtion we have
IxXne1 = zll < (A = ap)llpn — zIl + @IS, — 2|l (3.14)
supposec = z andy = x,, , by (3.12) we get
i — 2l < Slix, — zl| (3.15)
If x =z andy =y, by (3.12) we get
1§60 — 2Il < 8llyn — zlI (3.16)
put (3.14) and (3.15) in (3.14)

xns1 = zll < (1 = an)éllxy = zl| + an6lly, — zll (3.17)

lyn — zll = (1 = B)llxy — 2Il + Bullpn — 2l

= (1= Bllxy, — zll + By 8llx, — 2zl
<=+ B0 llx, —z|| Putin (3.17)
lIxn+r — zll < {(1 — @n)8 + @y 8(1 — B + By )}Ixy — zlI
= {6 — anfrn & + anfnb?}llx, — zl|
< [[R=1{0 — arfi & + arfr6?}llxo — 2|
leta, = {6 — @By 6 + axBed?)
= (1 — )8 + ad*

Similarly, let(u,) be the Picard-Mann iteration defined by (2.2) thea have in (3.13) let = z,y = v,

www.iaset.us edi@iaset.us



20

lups+s —zll = llgn — 2l
< 36|lv, — 2|
lvn —zll < (1 — a)llu, — Il + apw,
lety = u,, x = zin (3.13), we have
[|w, — z|| < 38]||lu, — z|| putin (3.19) and put (3.19) in(3.18)

lunss —zll < 36{(1 — ap)llun — zll + @n36llun —z|I}

< {36 — 3,8 + 9a, 5 }lu, — z||

ks
< H{ 36 — 30 + 9a;, 5 }|up — z||

k=1
|et bn = 36 - 3ak6 + 9ak62
= (1 — )36 + @, (36)?

By using the Definition (2.1) we first note that < b,, for each k and

an _ (1-ag)s+ay 82 . _ 2 _ 2
by w35t ar(0)? " sincél — ;)8 + ;. 6° < (1 — a;)36 + a(39)
Now, for each k, we know that

min {(1-ay)S+as2}
max {(1-ag)38+ar(38)2}

min {(1-ay)S+ars?} )=

<1land (max {(1—ag)38+ar(36)?}

n (1-ag)d+ays? min{(1-ap)8+axs?} \p
Clearly Hk:l (1-ag)38+ay(36)2 ( max {(1—ak)36+ak(36)2})

andlim,,_, ., Z—" =0,asn » o«
n
As a converge sequence we obtain that.

Example

Salwa Salman Abed & Rana Fadhil Abbas

(3)18

(3.19)

Let f:[0,1] - [0,1] be defined byf(x) = (1 —x)° then f is a decreasing function. The comparisonthef

convergence for S- iteration and Picard Mann iswshavhere the initial pointsu, = x, =0.6 and B, = a, =

;1, where the fixed z = 0.175699 is listed in Tablev.see that the S-iteration converges faster tiard®Mann.

(1+n)a

Impact Factor (JCC): 2.6305
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S-Iteration for General Quasi Multi Valued Contraction Mappings 21

Table 2

S- iteration | Picard-Mann
0.997643 0.997643
0.177487 0.211069
0.178056 0.255567
0.177781 0.302197
0.176920 0.296542
0.176148 0.273882
0.175788 0.257326
0.175704 0.243684
0.175699 0.232251
0.175699 0.222550
0.175699 0.214259
0.175699 0.207153

=
BREB|lo|o|~Njo|o|sjwn=]S

31| 0.175699 0.175704
32| 0.175699 0.175701
33| 0.175699 0.175700
34| 0.175699 0.175699
35| 0.175699 0.175699
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